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ABSTRACTIN this paper, we present several extensions of epistemic logic withteipgarators
modelling public information change. Next to the well-known public annoueoeoperators,
we also study public substitution operators. We prove many of the regdtsliieg expressivity
and completeness using so-called reduction axioms. We develop algerethod for using
reduction axioms and apply it to the logics at hand.
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1. Introduction

There are many scientific theories about information, fetance information the-
ory, probability theory, statistics, computer sciencalgdophy of science, and logic.
The branch of logic called epistemic logic deals with infation explicitly. It was
initially developed by Hintikka [HIN 62], whose main goal sia conceptual analysis
of knowledge and belief. In epistemic logic the focus is @iesnents such as ‘I know
thatp’, ‘I know that you know thap’ and ‘I know that he knows that we know thgit
Epistemic logic is especially useful when applied to situad involving more than one
agent. One can model the information an agent has about teddwds of the world
and the information an agent has about other agents’ infiwma.e., higher-order
information This ability to model higher-order information distingbhies epistemic
logic from other scientific theories about information.

The focus on higher-order information has led to investigestinto group notions
of information of which common knowledge is a prime exampke propositionp
is common knowledgamong a group of agents iff everybody in the group knows
thatp, everybody knows that everybody knows thatind so orad infinitum This
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notion is of crucial importance if one wants to understanchicinication, because
common knowledge is often exactly what communication aorechieve. Epistemic
logic with temporal operators has been applied to the aisabfdnternet communi-
cation protocols and it has been used in formal specificatidmmulti-agent systems
[FAG 95, MEY 95]. There are also dynamic epistemic logicserehchange is not
modelled by the passage of time, but with update operatidhsse logics were de-
veloped specifically to analyshangeof higher-order information. It has been a very
active research field in the past years [PLA 89, GER 97, GERB®&, 99, DIT 00,
BAL 02, KOO 03, DIT 03, BAL 04, Ren 04, BEN 06].

In epistemic logic, the information the agents have is meddly Kripke models.
In dynamic epistemic logic, information change is modellgdmanipulating these
Kripke models. The focus has mostly been on information ghatue to communi-
cation. One of the characteristics of communication isittddes not change the bare
facts of the world, but only the information agents have ablo&iworld and each other.
Hence, the issue of information change due to changes o et mostly been left
out of consideration. Notable exceptions are [Ren 04] and [Idb]. In this paper,
updates where the bare facts of the world can change areedtaftingside updates
that model communication.

The focus in this paper is not on full-fledged dynamic epistelogics with op-
erators for complex communicative updates. Instead thesfeeon the simple case
of public updates events where all agents get the same information and whege i
common knowledge (among all agents) that they get the sdimriation. Such pub-
lic updates can be of two forms: communicative or fact chaggirhe technical term
for the former ispublic announcemerdnd for the latter | use the terpublic sub-
stitution Public announcements are public updates where all theessagemmonly
receive the information that a certain formula is true. la femantics the effect of
a public announcement is modelled by adapting the model thathall the worlds
where that formula is false are no longer considered pasbipthe agents. This was
first introduced in [PLA 89] and independently in [GER 97].bRa substitutions are
public updates where all the agents commonly receive thegrirdtion that the truth
value of a certain propositional variable has changed tdrthb value of a (possibly)
complex formula. In the semantics the effect of a public tli®on is modelled by
adapting the model such that after the substitution thegsitipnal variable is true in
those worlds where the complex formula was true before thstgution.

A logic with both these kinds of operators was introducedDiT[05b], but the
issues of axiomatisation and expressivity were not addcessthat paper. This led
to the investigations reported in the present paper, coimagthe axiomatisation and
expressivity of a whole range of logics with these operatAssit turns out, the logic
introduced in [DIT 05b] is more expressive than the logidwiit public substitutions.
Based on the observation that its expressivity is equaladadic ofrelativised com-
mon knowledgen the present paper a sound and complete axiomatisatidnasmed.

In Section 2, the languages and semantics of the logics tHdterstudied are in-
troduced. In Section 3, | prove general theorems about sgity and completeness
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via so-called reduction axioms. In Section 4, these resultsapplied to the logics
introduced in Section 2. A case of special interest is studaparately in Section 5.
In Section 6, conclusions are drawn and directions for &rrthsearch are indicated.

2. Languages and semantics

We introduce a number of logical languages and their sestitat will be stud-
ied in this paper. Relativised common knowledge is alsmdhced, because it will
turn out to be quite important when we look at the expressieftepistemic logic
with public announcements, substitutions, and common ledye. | use the style of
notation from propositional dynamic logic (PDL) for modgleyators which was also
used in [BEN 06].

DEFINITION 1 (LANGUAGES). — Let a finite set of agentd and a countably in-
finite set of propositional variable® be given. The languag&’spscr is given by
the following Backus-Naur Form (whegeare formulas are modalities, and are

public substitutions):

e = p| e | (pAp) | [a]p
a u= al|el|o]| BT | (B)"
o u= pi=¢ | p=eo0

wherep € P, a € A, andB C A. Besides the usual abbreviatiofi3]¢ will be used

as an abbreviation of\ . ;[a]¢. Only substitutionsr such that any propositional
variable p occurs at most once on the left side of:a"are considered. In this way

o can be seen as a finite, and hence partial, function from sitiomal variables to
formulas. By abuse of language, | usép) to refer to the formula assigned joif

p € dom(o), and to refer top otherwise. Various sublanguages will be considered,
whereq« is restricted. The subscripts d¥ below indicate whetheAgents Public
announcementsSubstitutionsCommon knowledgeor Relativised common knowl-
edgeare included. For instanceZ s is the language with agents, substitutions and
relativised common knowledge.

The non-standard expressions in the definition above adcaz#ollows:

[a]e Agenta knows thatp.

[Bly Everybody in group3 knows thatp.

[]y 1 is the case after the announcement that

(o]  Is the case after the substitutien

p:=,q:=1 pchanges te and simultaneously changes ta).

[BT]p ¢ is common knowledge among the members of
groupB.

[(B;?p) T 1) is common knowledge among the members of
group B relative top.

The most difficult of these is relativised common knowled@ee can understand it in
the same way one can understand ordinary common knowlegge common knowl-
edge if everyone knows thatis common knowledge” is a way of explaining what it
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means that something is common knowledge. The circulafitiii® explanation can
be understood as a fixed point construction. In the same waganecharacterise
relativised common knowledgeip“is common knowledge relative to if everyone
knows that ifiyy, theny is common knowledge relative 6.

Logics with substitution operators have been studied kefor [BAL 02] one of
the epistemic actions considered is a ‘flip’ action, wheee @ktension of a proposi-
tional variable (the set of worlds in which the variable igefy changes to its com-
plement. In [Ren 04] more general changes of truth values@msidered where the
extension of a propositional variable can change to thensida of an arbitrary for-
mula, but this logic does not contain a common knowledgeaiper Simultaneous
substitutions were introduced in [BEN 06], where they aread pf update models.
Here they are studied as modal operators in themselves. @ expect that simul-
taneity adds expressivity, yet it does not make a differenderms of expressivity
(see Section 4). However, simultaneity does allow moreisatformulas.

Although the terms ‘knowledge’ and ‘common knowledge’ ased, | also con-
sider belief and common belief. In fact the semantics givelow is more suited for
the case of belief. The results below also apply to the gémeodal case, where
these operators do not even have an epistemic or doxastipiatation. In order to
keep things simple | only use the terms ‘knowledge’ and ‘canrknowledge’. The
language is interpreted in multi-agent Kripke models.

DEFINITION 2 (MULTI-AGENT KRIPKE MODELS). — Let a finite set of agentd
and a countably infinite set of propositional variabl®sbe given. A multi-agent
Kripke model)M is a triple (W, R, V') such that

— W is a non-empty set of worlds,
- R: A— p(W x W) assigns an accessibility relation to each agent
-V : P — p(W) assigns a set of worlds to each propositional variable.

A multi-agent Kripke model/ with a distinguished worldy € W is called a pointed
model(M, w). Below we will also refer to pointed models as models.

The accessibility relation assigned to an agent in theseetaadslinterpreted epis-
temically: (w,v) € R(a) indicates that ifw is the actual world, then ageatcannot
rule out that worldv is the actual world on the basis of its information.

Since the results below do not depend on whether the acdiggiblations be
reflexive, transitive, or euclidean, these extra requirgsare not imposed. The lan-
guage is interpreted in pointed models, where the distsigad world is taken to be
the actual world.
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DEFINITION 3 (SEMANTICS). — Leta multi-agent Kripke modélM, w) with M =
(W,R,V) be given. Lett € A, B C A, andp, ) € Lapscr-

(M,w) Ep iff weV(p)

(M, w) = it (M,w) i

(Mow)Eond it (Mw) Epand(M,w) =

(M, w) = [a]p iff (M,v) | ¢ forall v such that(w,v) € R(a)
(M, w) = o] it (M, w) E v

(M,w) = [o]e iff (M7, w) ¢

(M,w) =[BTy iff (M,v) | ¢ forall vsuch thatw,v) € R(B)™"
(M,w) = [(B;?) Ty iff  (M,v) =4 for all v such that

(w,v) € (R(B) N (W x [e] )"

The updated modeV/¥ = (W, R®,V) is defined by restricting the accessibility re-
lations to those worlds wherg holds. [¢],, denotes the setv € W|M,v = ¢}.
Now

R¥(a) =det B(a) N (W x [¢] ) (= {(w,v) € R(a) | (M, v) |= ¢}).

The updated modél/® = (W, R, V) is defined by changing the valuation accord-
ingly.
V?(p) =det [o(p)] 5s

In the clauses fotB*]y and [(B; ?¢) "]y we useR(B) to denote J,. 5 R(a) and
the superscript+ denotes the transitive closure. (The transitive closura bfnary
relation R is the smallest transitive relation that contaiRs)

A formulay is a tautology iffy is true in all models:(M, w) = ¢ for all (M, w).
This is denoted as- .

The semantics differs a little from the semantics given ilT[D5b], where only
the S5 case was considered. In order to preserve S5 undéc pabbuncements it
was required that the announced formula is true, otherlis@hnouncement cannot
be executed, an®¥(a) = R(a) N [[go}]?w. Definition 3 provides the semantics for
the general modal case where the public update merelyatssagccess to the worlds
wherey is true, butp may be false in the actual world. In a belief setting, a public
announcement represents the event where the agents saketkie information to be
true, even though they may be wrong.

Many performative speech acts classified by Austimascitivesn [AUS 62] are
examples of public substitutions. For example:

1) You're disqualified.

2) | choose George.

3) You're fired.

4) | sentence you to death.

5) I pronounce you husband and wife.
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When the sentences above are uttered in the right circunestatheir utterance makes
them true. So, all these examples could be expressed ingisaldanguage a®':=

T’ (or as ‘p := 1’). Such performative speech acts cannot be modelled ascpubl
announcements. Public announcements, considered ashigmeccould be classified
asexpositiveswhere the utterance of a sentence merely informs the éstehat the
sentence is true.

The following is another simple example of a public substitu Suppose there
are two agenta andb in a room. Agent: is blind, and can therefore not see whether
the light in the room is on. Ageritis not visually impaired, and can therefore see
whether the light is on. All this is common knowledge among #gents. Lep be
the proposition ‘the light is on’. Suppose that now the lighvitch is flicked. Neither
agent is deaf and this is also common knowledge among bottiadggo, itis common
knowledge among the agents that the substitution= —p’ has occurred. Agent
still does not know whether the light is in fact on or not, baed know that the truth
value ofp has changed. Agemtdoes know whethep. This public substitution is
illustrated by Figure 1. This example shows that one mighttwa substitute using
complex formulas rather than justor L. It is also clear that if more than one fact
changes at once, then one wants to model this using simaliargibstitutions.

N - - p:i=-p PN - -

"( o — - )‘l _—— "( Oe—m» )‘l
AN 4 ‘\~’ .

S_ - < -

Figure 1. Two Kripke models: the left one represents the situationreehe public
substitutionp := —p; the one on the right represents the situation after the joubl
substitutionp := —p. A world wherep is true is represented by a solid bullet. A
worlds wherep is false is represented by an open bullet.

As a final example of how public substitutions can be usedsiden the Sum and
Product puzzle. Mr. Sum and Mr. Product do not know the leogtlidth of a room.
They do know that these are natural numbers between 2 andd9®airthe length is
at least as large as the width € w <! < 99.) The sum of these numbers is given
to Mr. Sum, and their product is given to Mr. Product. All tliscommon knowledge
among Mr. Sum and Mr. Product. Now the following conversatiakes place:

Mr. Product: | don’t know the numbers.

Mr. Sum: | knew you didn’'t know. | don’t know either.
Mr. Product: Now | know the numbers.

Mr. Sum:  Now | know them too.

The length and width of the room can be deduced from the digldzy an out-
sider! The original formulation and solution of the problem can derfd in [FRE 69]

"WaLIY] puUe INoJ 8Je s1aquinu ay L
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and [FRE 70] in Dutch. The formulation above is from [MCC 9Uhis problem has
been analysed using’spc in [DIT 05a]. The utterance ‘I knew you didn't know’
poses a problem for this approach. The past tense canngpteseated inZspc. In
[DIT 054a] this is solved by noting that the first announcemesuperfluous given the
second: the dialogue might just as well start with Mr. Sumirggyl know that you
don’t know what the number are.” However, such solutionswategenerally available
in all scenarios where a past tense occurs.

In Z4psc there is a more natural way to represent past tenses (atihibwguld
be quite unsatisfactory to a linguist). Suppose that dfieannouncement that one
learns that) was the case before the update. The formula

[p == ¢llellplx

wherep does not occur irp, i or y, expresses this. Itis as if the truth valueyof
has been put into an envelope before the update, and theopavslopened publicly
afterwards, thereby making it common knowledge what thetmith value ofy is.
Using this general approach one could show with the senwafiZ, psc that the
adaptation of the scenario proposed in [DIT 053] is indeetect Another approach
to announcements involving the past tense is to extend tiguége with temporal
operators. This is investigated in [YAP 06].

3. Reduction

In the completeness proofs of many of the logics introdune®Ection Zeduction
axiomsplay an important role. A typical example of a reduction axiis

[Pllaly = [al(p — [¢]0)

This is called a reduction axiom because going from the Iethe equivalence to
the right the complexity of the formula to which the announeat operator is ap-
plied reduces These reduction axioms also play an important role in tesalbout
the expressivity of the logics under consideration. If teduction can be continued
depending on the logical form af until no announcement operators remain, one
can show that the language with announcement operatorstiaglexpressive as the
language without them. The method of proving completenadsegual expressivity
for dynamic epistemic logic using reduction axioms has hesd many times in the
literature [PLA 89, GER 98, BAL 99, BEN 06]. Here we provide miform setup,
that provides such a general perspective on reduction axtbat it can be applied
to many logics. In this section | provide this general methelich is applied to the
logics under consideration in Section 4.

The general setup is given by two logical languagésand.%; such that%; is
a sublanguage af%,. The only difference is that% contains additional operators.
In order to show that the languages are equally expressigeneads to be able to
translate each formula from %, to an equivalent formula in ;. This translation
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procedure is captured by the reduction axioms. These axioakep andi) provably
equivalent. In this way one can obtain completenessApria completeness fa#;.
After giving a general definition of reduction axioms in Sent3.1, | prove a general
theorem about expressivity and reduction axioms in Se@&i@nand prove a general
theorem about completeness and reduction axioms in Sekfon

3.1. Depth and reduction axioms

Reduction axioms allow one to reduce the depth of the formtdawhich the
additional operators apply. In the proof of Theorem 10 (\wltstates sufficient con-
ditions for two languages to be equally expressive) thré®ne of depth are needed,
namely: (ordinary) depth? depth, and) reduction depth. The main induction is on
the O depth, and in the induction step of this proof another inidmobn theO reduc-
tion depth is embedded. The definition of a reduction axiogiven in terms of the
O reduction depth. Let us first define the notion of ordinarytdgpecisely.

DEFINITION 4 (DEPTH). — Letalogical language? be given. The depihh: . —
N is given inductively as follows:

d(p) =qet 0 if no logical operators occur inp
A(O(p1,...,0n)) =det 1+ max({d(e;)|1<i<n})

whereO is somen-ary operator.

This is a very abstract way of looking at logical languager. &oconcrete language
one has to specify what the logical operators are and whatatiy is. The language
Zapscr contains formulas and other expressions. It is clear thainttance, con-
junction is a binary operator. We take| to be unary operator. An announcement
operator is a binary operator. For instance in the fornmip)e, the two arguments are
¢ andy. A substitution operatdo] is an(n + 1)-ary operator, where is the cardi-
nality of dom(o): for instance a formula of the forfp := ¢, r := ¥]x takesy, ¥,
andy as arguments. Therefo[p := ¢, r := ¥]x) = 1 + max(d(¢), d(®), d(x))-

A limit case would be a nullary operator. Since a nullary ep@r has no arguments
its depth is 1 (the maximum depth of formulas in the emptys6).i

For the operators one wants to eliminate from the languagpgeaial notion of
depth is needed, which indicates to what extent the extreatgs are nested.

DEFINITION 5 (O DEPTH). — Let O be a set of operators iZ. The O depth
Od : ¥ — Nis given inductively as follows:

Od(p) =qet 0 if o logical operators occur ip
_ max({Od(p;) | 1 <i<n}) if 0¢ O
Od(B(pr;---5on)) - =def { 1+ max({Od(p;) [1<i<n}) ifOeO.

Below we will takeO to be the set of logical operators that occur only#h, i.e.
the language to be reduced. The third notion of depth isat#ieO-reduction depth,
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which indicates how complex the formulas are to which an st O operator
applies.

DEFINITION 6 (O REDUCTION DEPTH. — LetO be a set of operators it’. The
O reduction depttOrd : . — N is defined inductively as follows.

Ord(yp) =get 0 if NO logical operators occur i
_ max({Ord(p;) |1 <i<n}) ifO¢O

Note that in the second case of the second clause of this titafithe ordinary
notion of depth is used. A general definition of reductionoaxé can be given in
terms ofO reduction depth.

DEFINITION 7 (REDUCTION AXIOMS). — Given are two languages’ and %
such that¥; is a sublanguage af%, because%, contains more logical operators,
assembled in a set of operatabds A reduction axioms a formula of the fornp « ¢
such thatOrd(y) > Ord(vy).

Of course, such axioms are only useful if they are sound aadgthof system
actually allows one to perform substitutions. The rule orats to use in this case
is the rule ofsubstitution of equivalentsin a proof system this rule allows one to
infer from ¢ < 1, thaty < x’, wherex’ can be obtained fromy by substituting an
occurrence of by .

3.2. Equal expressivity via reduction

Let us clarify what it means for one logical language to beerpressive than
another. Let us first distinguish thiehnessof a language from itexpressivityWhen
one language contains more logical operators than andtiesone language is richer.
In many cases a new operator is added to enrich a languagedeetteere is an im-
portant concept that is not yet captured in the languages @bées not imply that
the expressivity is actually extended. When one languagenezke more distinctions
in the class of models in which it is interpreted than angttieen the one language
is more expressive than the other. In propositional logsjudction is an important
concept. However, when one adds it to the language thatigli@mtains conjunction
and negation it does not add any expressivity. Let us defipeessivity formally.

DEFINITION 8 (EXPRESSIVITY). — Let two logical languages/; and.%; that are
interpreted in the same class of models be given.

— %) is at least as expressive &, iff for every formulaps € % there is a
formulayp; € .2 such thatpy; and - are true in the same models. This is denoted
astl » L.

- % and % are equally expressive iff; = % and % = %;. This is denoted
as.i,ﬂl = ‘,%2.
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— %) is more expressive thatr, iff £, = % and % # £ . This is denoted as
L = D

Note that this definition focuses on the expressivity of folas. One could just
as well focus on the expressivity of modalities and see whatdtions on the set of
worlds and on the class of models can be expressed. Here ugdadhe expressivity
of formulas.

The presence of reduction axioms for a set of operators stgjtieat the language
with the additional operators is just as expressive as tigulage without them. In this
section and the next we will give very general conditionsarmhich the presence of
reduction axioms yields two equally expressive languagesggneral conditions un-
der which these axioms can provide a complete proof systethéaxicher language.
One of the conditions is that- gets its usual interpretation, and that hence the rule of
substitution of equivalents is valid. The following lemnseauised in the induction step
of the main theorem regarding expressivity (Theorem 10.

LEMMA 9. — Given are two languages¥”; and %, such that%, is an extension
of £ with a set of logical operator§®. Moreover,.%, contains—. Given is also a
semantics for%, (and hence a semantics f&f;) in some class of models. Finally a
setA of reduction axioms fo© is given such that every formula which is not#
has at least one subformu{asuch that there is a formula andy < ¥ isin A. If the
reduction axiomg\ and the rule of substitution of equivalents are sound %6t then
for all ¢ € % with Od(p) = 1, there is a formula) € £ such that= ¢ < .

PROOF. — Suppose thaDd(y) = 1. The remainder of the proof is by induction
on Ord(y). Suppos@rd(yp) = 0. Thereforep contains no operators if?, and so
p € 4. Sincel ¢ < ¢, we are done.

Suppose as induction hypothesis that for evesuch thaDrd(¢) < n, there is a
formulay € .4 such that= p — .

Suppose thabrd(y) = n + 1. Thereforep contains at least one formula of the
formO(x, ..., xx) whered € O andOrd(O(x3, ..., xx) = n+1. According to our

assumptiord(x1, - . ., xx) has at least one subformula such that there is a reduction
axiom for it. But, since the@ depth ofO(xy, ..., xx) equals 1 by assumption, the
only formula for which that can be true i8(x1, ..., xx) itself. So there must be a

formula¢ such thatd(x1, ..., xx) < & € AandOrd(D(x1,...,xx)) > Ord(€).
Now, the induction hypothesis appliesg@nd therefore there is a formufa € .4,
that is equivalent t®l (1, . .., xx). There is such a formula for each subformulag-of
which has the forni(x1, . . ., xx) whereOrd(O(x1, . .., xx) < n+1. By repeatedly
applying the rule of substitution of equivalents one carambt formulay € 2.
Since the reduction axioms are sound and the rule of sutistitof equivalents is
sound it follows that= ¢ « . ]

This lemma will be used in the induction step of the followthgorem.

THEOREM10. — Given are two language¥’ and_%, such that%, is an extension
of % with a set of logical operator§). Moreover,.%, contains«. Given is one



Public update logics 11

semantics for?, in some class of models. Given is a Aeif reduction axioms fo©

such that every formula which is not i#f} has at least one subformula such that
there is a formulayy and ¢ < ¢ isin A. If ¢ < ¢, the reduction axiom# and

the rule of substitution of equivalents are sound {4y, then.#, and.%, have equal
expressivity.

PROOF. — ltis given that% is a sublanguage of%,. So itis clear thats, > 4.
In order to show that?, > % we have to prove that for every formufac %, there
is a formulay € ., such that= ¢ < 1. We show this by induction on th@ depth.
If the O depth is0, thenyp € % . Itis clear that= ¢ — .

Suppose as induction hypothesis that for everg % with Od(p) < n, then
there is ap € % such that= ¢ < .

Suppose thaODd(p) = n + 1. Thereforep contains at least one subformula
of the formO(x1,...,xx) Whered € O. For all x; it holds thatOd(x;) < n.
Therefore, by the induction hypothesis for eaghthere is a; € .2 such that=
xi < &. By repeatedly applying the rule of substitution of equéwvas one can show
thatE= O(x1,..-,x%) < O(&1,...,&). TheO depth ofO(&y,...,&) is 1. Now
by Lemma 9 there is a formula € % such that= O(&q, ..., &) < £ Since an
arbitrary subformula of was taken, one can repeatedly apply the rule of substitution
of equivalents and find a formula ih € .2} such that= ¢ < 9. |

3.3. Completeness via reduction

In the previous section it was shown how reduction axiomskmnsed to show
that two languages are equally expressive: for every faarimuithe one language there
exists an equivalent formula in the other language. Thefprizoreduction axioms
was quite constructive. Given a set of reduction axioms @refind an equivalent
formula in the poorer language in a systematic way by repgaseibstituting subfor-
mulas according to reduction axioms, all the time decregier O reduction depth.
Therefore if the reduction axioms and the rule of substtutif equivalents are added
to a complete proof system for the poorer language, onergbsacomplete proof sys-
tem for the richer language, because the reduction can ri@xptace within the proof
system. In this way provablyequivalent formulais found. The proof of completeness
is quite similar to the case of expressivity.

THEOREM11. — Given are two language’ and_.%, such that%, is an extension

of £, with a set of logical operator®). Moreover,.%, contains«. Given is one
semantics for%, in some class of models. Given is a Hilbert style proof syftém
which is sound and complete f&f; with respect to the given semantics and class of
models. Given is a sét of reduction axioms fo© such that every formula which is
not in %, has at least one subformula such that there is a formula: and ¢ —

is in A. If the proof system®S + A together withy < ¢ and the rule of substitution
of equivalents (which we also refer to & + A) is sound for.%,, then it is also
complete for%s.
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PROOF. — Analogous to the proof of Theorem 10, we can show that byefery
formulay € %, there is a formula) € %, such that-psa ¢ < . The proof is by
induction onOd(y), where the induction step is an induction ©nd(y). We do not
provide details.

To prove completeness, suppose thap for a formulain%,. Thereis a) € .4
such that-ps s ¢ < . By the soundness dtS + A it follows that = . By
completeness fa; of PS it follows thatlps . Since a proof irPS is also a proof
in PS + A, it follows thatt-ps, A % as well. By the rule of substitution of equivalents
it follows thatFpsia . ]

4. Reducing public updates

In this section | will apply the results obtained in the poa4 section to some of
the logics that were defined in Section 2. In order to applyéselts we need:

1) semantics for the relevant sublanguagesafscr,

2) sound and complete Hilbert style proof systems for thevegit sublanguages
of Lapscr,
3) soundness of the rule of substitution of equivalents, and

4) a set of reduction axioms.

The semantics for the entire languag® pscr has been provided in Section 2, and
thereby also for all its sublanguages. Fortunately, tleedttire provides Hilbert style
proof systems for the logics without public updates. SeedP5, MEY 95] for sys-
tems for.Z, and Zsc, and see [KOO 04] for a proof system f&f,z. So all that
remains to be shown is that the rule of substitution of edeiva is sound. Moreover,
we need to provide a set of reduction axioms, especiallyhepublic announcement
operator{p] and the substitution operatfar].

Let us briefly discuss the earlier completeness and expigssisults regarding
these logics. In [PLA 89] Plaza introduced, » and provided a sound and complete
proof system for it. Indeed Plaza used reduction axioms &o#éead thatZ, and
Z4p are equally expressive, thus obtaining an easy completgmesf via complete-
ness forZ,. The fact thatZ,¢ is more expressive tha#’, is folklore. A complete
proof system forZ 4 was obtained by adapting the results on propositional dymam
logic, of which the most readable completeness proof isidensd to be [KOZ 81].
Baltag, Moss and Solecki showed, contrary to what was egdegiven Plaza’s re-
sult, thatZ, pc is more expressive tha#’s [BAL 99]. This makes a completeness
proof for Z4pc much harder, and one cannot make do with just reduction axiom
Yet a proof system faiZs p¢ is provided in [BAL 99]. In [KOO 04] a complete proof
system was provided fa#s g, also based on [KOZ 81], and it was shown ttt 5
and.Z4pgr are equally expressive by reduction axioms. It was estaddishatZ
is more expressive tha®’spc in [BEN 05]. These results are shown in Figure 2
together with the new results obtained in this section.
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All the new results regarding expressivity and completera@sthese logics ex-
cept completeness fal4 psc (see Section 5) will be dealt with using the following
reduction axioms.

DEFINITION 12 (REDUCTION AXIOMS). —

10) [o][B¥]¢ < [BF][o]e

11) [o]((B; 20)T]v < [(B; ?[o)e) Fllole

12)[BT]p < [(B;7T) e

13) [(B;?0) T < [p:= ][] [BT]p wherep does not occur inp.

1) [¢lp <= p

2) [p] < =[plY

3) [e]( A x) < ([l Alplx)
4) [¢llaly < [al(p — [¢])
5) [p][(B; 1) TIx < [(B; (0 A @) Fllw]x
6) [o]p < o(p)

7) [o]~p < —lole

8) [a](p A Y) < (ol A [o])
9) [o][alp < [a][o]e

(o]

[o]

[

[

Although these axioms are called reduction axioms, theypareeduction axioms
in themselves, but, following Definition 7, only relativegome set of logical opera-
tors. Indeed, in some cases (such as in the proof systet#igi-) they cannot be
construed as reduction axioms. Below it will be clear thathia proper context they
are reduction axioms for their leftmost logical operatomeCan immediately see
that, in that case, th@ reduction depth is strictly less on the right hand side of the
equivalence. Axioms 1, 6, 12 and 13 are unlike the other i@muaxiom in that they
directly reduce the depth (thereby reducing th@ reduction depth). Axioms 1 and
6 might well be dubbed elimination axioms, since there isleae modal operator on
the right hand side. Remember that in axiom 6 we abuse thedgegsuch that(p)
refers to the formula assigned paf p € dom(o), and to refer te otherwise. One
might say axioms 12 and 13 are translation axioms, becalsatops are replaced.
Thatp does not occur i is called afreshness conditiorThis kind of condition also
occurs in the axioms for quantifiers in first order logic. Id@rto apply the theorems
of the previous section, it needs to be established tha¢ thieems are sound.

LEMMA 13. — All reduction axioms are sound.

PrRooF. — For the soundness of reduction axioms 1-4 | refer to [PLA 88r the
soundness of reduction axiom 5 | refer to [KOO 04]. In all thegfs below we use
the semantics provided in Definition 3.

6) (M, w) = [o]p iff (M?,w) |= p. The latter is the case ifh € V7(p). This is
the case if{ M, w) = o(p).
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7) (M, w) [ [o]-y iff (M7,w) = —p. The latter is the case iffM 7, w) = .
This is the case iffM, w) k& [o]p, which is equivalent td M, w) = —[o]e.

8) (M,w) E [o](p A ) iff (M7,w) E (¢ A ). The latter is the case iff
(M?,w) E ¢ and (M?,w) = 1, which is equivalent tq M, w) = [o]e and
(M,w) = [o]y. Thisis equivalent td M, w) = [o]e A [o]t.

9) (M, w) [ [o][a]e iff (M7, w) = [a]e. The latter is the case iffM 7, v) = ¢
for all v such thaf{w, v) € R(a), which is equivalent t¢ M, v) = [o]¢ for all v such
that(w, v) € R(a). This is equivalent t¢ M, w) = [a][o]ep.

10) (M,w) E [o][Bt]y iff (M°,w) & [B*]p. The latter is the case iff
(M7 ,v) = ¢ for all v such thatw,v) € R(B)*, which is equivalent td M, v) =
[o]¢ for all v such thatw, v) € R(B)*. This is equivalent t§ M, w) = [BT][o]ep.

11) (M, w) [ [o][(B;?) Ty iff (M7, w) = [(B;?p)T]. The latter is the case
iff (M7,v) = ¢ for all v such that(w,v) € (R(B) N (W X [¢],;-)", which is
equivalent ta M, v) k= [o]y for all v such thatw, v) € (R(B) N (W x [[o]¢],,) "
This is equivalent td M, w) = [(B; ?[o]e) T][o]w.

12) Note that?(B) C (W x W) and thaf T] = W. ThereforeR(B)* = (R(B)N
(W x [T])T. (M, w) E [BT]eiff (M,v) E ¢ forall v such thafw,v) € R(B)™.
Given the observation above, the latter is equivalerifgv) = v for all v such that
(w,v) € (R(B) N (W x [T]))". This is equivalent t M, w) = [(B;?T)"]e.

13) Sincep does not occur i, the substitutiop := v does not affect the extension
of . Thereforgy] ,, = [l ypi—v- SO(M,w) = [(B; ?@) Ty iff (M, v) = forall
vsuchthafw, v) € (R(B)N(W x [¢] 30—+ )) - Note that the relatioR(B) N (W x
[l zse—v )T is identical toR?(B)". Note also that= ¢ < [p := ¢]p. Therefore
(M,w) = [(B; 7o) T|¢iff (M,v) | [p := ¢]p for all v such tha{w,v) € R?(B)*,
which is equivalent td M?=% v) & p for all v such that(w,v) € R¥(B)*. This
is equivalent tol MP=% w) = [¢][B*]p, which is equivalent td M, w) = [p =
Yllel (B p-

Note that the rule of substitution of equivalents is soundaibthe logics under
consideration.

LEMMA 14. — The rule of substitution of equivalents is sound.

The proof of this lemma is left to the reader. It is not thafidifit to show that
this rule is derivable il (see [HUG 96, p.32]). The lemma follows by the soundness
of the proof systems. It is also possible to show that thie rsilderivable in all the
systems we are going to consider (if we have necessitatidiatribution fora), but
since this would distract from the main line of the paper, us pdd it to the proof
systems.
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4.1. Expressivity of public updates

Now that the soundness of the reduction axioms and the rusalodtitution of
equivalents is established, it is easy to obtain expragsiesults for a great num-
ber of logics using the reduction axioms. See Figure 2 foraplgic representation
of these results together with previously establishedlt®sun this paper only the

ASCR APSCR
AN /
ASR APSR

Figure 2. An arrow S — T indicates thatZ is more expressive tha#s. A double
arrow S «— T indicates that%s is equally expressive a&. The dashed arrows
indicate previously established results. The black arravedicate new results. For
the sake of readability all reflexive arrows are omitted armd all transitive arrows
are shown. The differently shaded areas indicate the etprica classes. The lighter
gray the area is, the more expressive the languages in it are.

equal expressivity of languages is directly shown. The tlaat some languages are
more expressive than others follows from these new resaoiftdined with previously
obtained results.

THEOREM15. —
1) Ly = Lap = Las = ZLaprs
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2) Lac = ZLasc

3) Lar = Larr = Lasr = ZLaprsr = Lacr = Lascr = LAPCR =
Zapscr = ZLapsc

PrROOF. — In all three cases above Theorem 10 applies. We have orensiemfor
Zapscr, and all languages under consideration are sublanguadesvVéé already
showed that all reduction axioms are sound as well as thefoulsubstitutions of
equivalents (Lemma 13 and 14). All that remains to be showtmaisfor each formula
in the richer language which is not in the poorer languageetiea subformula for
which there is a reduction axiom.

1) To see that?y = Zap, let the set of reduction axiom& be reduction ax-
ioms 1-4 of Definition 12. It is easy to see that each formul&ige that is not in
Z4 contains a subformula for which there is a reduction axiomimermost nested
occurrence of an announcement operator precedes a forrhigh i8 either a propo-
sitional variable, a negation, a conjunction, or a knowkeftymula. For each of these
cases there is a reduction axiom. Therefore, by Theoren¥k0= Zap.

To see that?,y = Y45, let the set of reduction axioms be reduction axioms
69 of Definition 12. Again, it is easy to see that each formnleZ,s that is not
in Z4 contains a subformula for which there is a reduction axionher&fore, by
Theorem 10,24 = Zas.

To see thatZy = Zaps, we simply take the union of the sets of reduction axioms
above. Now one simply takes one of the innermost nested aes of a substitution
or a public announcement operator to see that every formul&4ips which is not
in Z4 contains a subformula for which there is a reduction axionher&fore, by
Theorem 10,24 = Laps.

2) Here we take reduction axioms 6—10 of Definition 12. Fronedrem 10 it
follows that.Zsc = Zasc by similar reasoning as above.

3) To see thatZsr = Larr = Lasr = Lapsr is completely analogous to
the case?y = Lap = Las = ZLaps, except now axioms 5 and 11 of Definition 12
are used as well.

Using axiom 12 of Definition 12 it can be shown th&#,r = Lacr, that
Lapr = Lapcr, thatLssg = Lascr, and thatZapsr = Lapscr-

To see thatZspsc also belongs to this set of languages, observe that it can be
shown thatZs psc = ZLapscr With axiom 13 of Definition 12.

The most surprising of these results is tH&lr = Zapsc. The logic of rel-
ativised common knowledge was introduced in [KOO 04] for taeatechnical rea-
son. The aim was to have a reduction axiom for public annaueoés and common
knowledge. Now it turns out to correspond to a quite natugid.

From Theorem 15 together with earlier results, it followatttrpsc < Larc,
sinceZar < Lapc andZar = ZLapsc- As can be seen in Figure 2 this is the only
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case where adding public substitutions to a language extimaxpressive power.
This is also quite surprising.

As an aside, observe that the substitution in translatiéona? 3 is just one sub-
stitution, i.e. we do not need to change more propositioaghlbles simultaneously.
This raises the question whether one can just make do witjeesgubstitutions. This
is indeed the case. Consider the schéme= ¢, o] <« [q := ¢][o][p := ¢]v> where
g does not occur ife]y. This formula is a tautology, and allows one to show that
simple substitutions are equally expressive as simultameobstitutions.

4.2. Completenessfor public updates

There are two problems for a direct approach to proving cetepkess for update
logics: modal logics with update operators are notmal modal logic€ and modal
logics with a transitive closure operator (such as (rekstif) common knowledge) are
notcompacti.e. it is not the case that an infinite set of formulas iss$atble, if every
finite subset of that infinite set.

Modal logics with update operators are not normal becauseute of uniform
substitution is no longer sound. This rule allows one to stulis a propositional vari-
able for an arbitrary formula uniformly. The idea behindfanin substitution is that if
a formula is a tautology, then it is true in every model no eratthat the extension of
the propositional variables in the formula is. Therefore can uniformly substitute
a propositional variable for a complex formula, which alsg | certain extension. In
public update logics propositional variables play a sgaoie. Their truth value is
not effected by public announcements, although the trulevaf complex formulas
can be effected by them. Examples of such formulas are $edaatsuccessful up-
dates formulas that become false by their announcement [GER 9B],[a concept
closely related to Moore’s paradox. Consider the tautolpdjy:|p. If we replacep
with (p A —[a]p) the result is the formuld(p A —[a]p)][a](p A —[a]p). This is not
a tautology. Hence the uniform substitution is unsound is tiase. In the case of
public substitution propositional variables also play acal role. Only the extension
of propositional variables can be changed directly, notashplex formulas. More-
over, given that the extension of a propositional variakle loe set to the extension of
a complex formula by a public substitution, the extensioprfpositional variables
cannot be seen as being arbitrary within the scope of a pabiignment. Consider
the tautologylp := T|g < ¢, wherep andq are different propositional variables.
If we replaceq with p, we get[p := T|p < p, which is not a tautology. So, the
rule of uniform substitution is also unsound in this casené&sal methods for proving
completeness for a modal logic are geared towards normahhtamgics (for example
[BLA 01]). Therefore one cannot apply these methods diyectidynamic epistemic
logics.

2. See of [HUG 96, p.25] or [BLA 01, p.33] for the definition of nornmbdal logics.
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The other difficulty in providing completeness results fiyrfamic) epistemic log-
ics, is that when (relativised) common knowledge is in thgleage, the logic is no
longer compact. Therefore one cannot easily construct aniead model where the
worlds are maximal consistent sets of formulas, becausaibccur that an infinite set
of formulas is consistent, but not satisfiable. This probédso occurs in propositional
dynamic logic, where it is solved by making a finite canonivaldel, depending on
the particular formula one is interested in [KOZ 81]. In thigy only weak complete-
ness is attain€d One can adopt a similar method for dynamic epistemic logitis
common knowledge, as was done by Baltag, Moss and Soleckiih P9].

Compared to a direct approach to completeness for dynarsteegc logics, an
approach with reduction axioms is much more straightfodwaknd given the gen-
erality of the approach we can easily deal with many logiosuianeously. We will
reduce the logics under consideration to three base laegu&f,, -Z1c and ZLaxg.
As we remarked earlier, for these there are known compldteeHistyle proof sys-
tems. Table 1 shows which reduction axioms for the additioparators should be
added to which base system. The numbers refer to the reductioms in Defini-
tion 12. The extensions that are not considered are lefkblan

Table 1. The table indicates which reduction axioms are to be add¢dedase proof
systems

P S C
Za 1-4| 6-9
ZLac 6-10
Zar | 1-5] 6-9,11| 12

THEOREM16. —

1) The proof system fa#’s together with the appropriate reduction axioms from
Table 1 and the rule of substitution of equivalents is cotedier Z4p, for Z45 and
for .,%Aps.

2) The proof system fo# s together with reduction axioms 6—10 and the rule of
substitution of equivalents is complete &ty 5.

3. Strong completeness of a proof systefwith respect to a class of framésis the property
thatT' =r ¢ implies thatl’ Fps ¢ for every set of formulag' and every formulap. This
generalises weak completeness, wieis empty.

4. The cell in the upper right of the table is left blank, because adding ammowledge to

Za yields Zac, which is dealt with in the second row. The cell below is left blank because
adding common knowledge to a language that already contains commanekiye does not
make a difference. The cell in the middle left column of the table is left bleedause adding
public announcements to the language with common knowledge, yieldseeaxypressive lan-
guage, which can therefore not be dealt with using reduction axioms.
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3) The proof system fa#4 r together with the appropriate reduction axioms from
Table 1 and the rule of substitution of equivalents is cotepfer Z1pr, -Lasr,
LAPSRy LACR, LAPCR, LASCR, AN ZLApPSCR-

PROOF. — In order to prove all these results Theorem 11 is applied alkeady

showed that all the reduction axioms and the rule of sultstituof equivalents are
sound. From the literature, complete proof systems#ar £ 41 and.Z4r were ob-

tained. In the same way as was shown in the proof of Theoremvd Ban show that in
each case a formula in the richer language contains a subl@tmwhich a reduction
axioms applies. Therefore by Theorem 11 all the proof systam complete. =

5. A complete proof system for Lapsc

The only new result that cannot be obtained using the remlu@kioms given
in the previous section is a complete proof system #1p5c. In the proof that
Lar = Laprsc | showed thatZapsc = Lapscr Where Zapscr Was reduced
to Lapsc. SinceZapscr also reduces tdZ, i it followed that.Zar = Lapsc.

So Zspsc wasnot reducedo Z4g. Such a reduction is in fact impossible, since
neither language is a sublanguage of the other. This exadewrals to a more general
question how one might obtain a complete proof system forlamguage by using a
known proof system for an equally expressive logic, buthegiis a sublanguage of
the other. In Section 6 we return to this question. In thisiseave solve a particular
problem of this kind.

A complete proof system faZs psc can also be constructed based on the ob-
servation thatZ, psc is equally expressive a¥,r. The way to do it is as follows.
There is a complete proof system f&f, that is also complete fatZspscor if it
is extended with the appropriate reduction axioms. Thegifice between the lan-
guageZipscr and Zapsc is that the latter does not contain relativised common
knowledge, but there is a reduction axiom for it (reductigiom 13). The idea is
that if we apply this reduction axiom to the proof system f6k pscr We obtain a
complete proof system fo#4 psc. In other words, we lefp := ¢][p][BT]p play the
role of [( B; 7¢) "]y and thus adapt the proof system f&ty psc . Every occurrence
of [(B; 7¢) T ]a is replaced byp := 9][¢][BT]p and the freshness pfis set as a side
condition. In this way the following proof system preseisgif.

DEFINITION 17. — The proof systemAPSC consists of reduction axioms 1-4 and
6-9 from Definition 12 together with the rule of substitutiminequivalents and the
following axioms and rules.

1) all instantiations of propositional tautologies
2) [a](e = ¥) = ([a]e — [a]y)
3) [p = 4l[el[BT]p < [Bl(¢ — (& Alp == ¢][¢][B*]p))
wherep does not occur inp.

4) [p:= (v — [Bl(¢ = V)[el[BT]p — ([Bl(¢ — ) — [p = ¢][¢][BT]p)
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wherep does not occur irp.

5) [ellp == ¢IIXI[BTIp < [p = [el¥llp A [p]X][BTp))
wherep does not occur ).

6) [o]lp := @l [¥][BF]p < [p := [0]l[lo]v][BT]p))
wherep does not occur ifio]).
7) [Bfle < [p=¢l[T][BT]p
8) Fromy andyp — 1, infery
9) Frome, infer [a]p

Axioms 3 and 4 look really difficult, but close examinatioveals that they are
direct translations of the mix axiom and the induction aximmrelativised common
knowledgé respectively. Axioms 5, 6 and 7 are direct translations efréduction
axioms 5, 11 and 12 from Definition 12 respectively.

THEOREM18 (COMPLETENESY. — Foreveryp € Zapsc if E ¢, then-apsc .

PROOF. — Suppose= ¢, wherep € Zapsc. This formulais also inZapscr.
Therefore, by Theorem 16, there is a proof of this formulahi@ proof system for
ZLapscr using the proof system faZ,r with the appropriate reduction axioms.
With the proof system forZspsc one can simulate this proof by replacing every
expression of the form(B; 7o) ™y with [p := 9][¢][B]p. So, indeed-ppsc . ®

6. Conclusion and further questions

In this paper dynamic epistemic logics with public annoumegts and public sub-
stitutions were studied. With these logics one can studgdpacts and model other
kinds of public information change, including learninganhation about the past.
The focus of this paper is mainly on completeness and expitysda reduction ax-
ioms. The general method given in Section 3 can actually péeapto other logics
outside the field of dynamic epistemic logic as well. The lssn Section 5 suggest
that the method could also be extended to cases where onesisnped with three
languages?;, % and.%3, where., C %5 and %, C %3, and there are reduction
axioms to reduce?; both t0.Z] and.%,. If a complete proof system is available for
only %, a complete proof system fa¥, can be obtained by applying the reduction
axioms for.%, to the proof system for#; extended with the reduction axioms that
allowed the reduction af%; to %

The method of using reduction axioms seems related to woreln rewriting
systems, as is also indicated in [BAL 99]. Reduction axiomus lbe seen as rewrite

5. The mix axiom and induction axiom are the following:

[(B;7¢) 1y < [Bl( — (v A [(B; 79) 1))
[(B; ?70)*](¢ — [Bl(¢ — ) — ([Bl(¢ — ) — [(B; 7¢)"1¢)

See also [KOO 04].
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rules, and, interpreted in these terms Lemma 10 stateshihaetm rewriting system
terminates. In fact this follows from a general theorem ftenm rewriting that states
that a term rewriting system terminates iff there exists &ated reduction order.
The order induced by th@ reduction depth is such a reduction order. See [BAA 98,
p.102-103] for a defintion of reduction orders and the th@or&he connection be-
tween reduction axioms and term rewriting should be furéhxgiored.

As the results show, the logi#s psc is really more expressive tha#s po. Re-
markably, this is the only example where the language withlipisubstitutions is
more expressive than the language without public subistitsit In all other cases
the expressivity remained the same. It is still the case fieweas the examples in
Section 2 show, that it is very convenient to have these ¢@eran the language.

It would be interesting to study the relation between thaclegresented in this
paper and the notion of update as it is studied in the field i¢foevision [KAT 92,
HER 99], where the term ‘update’ is given quite a differenamieg than in dynamic
epistemic logic. One receives the information that a foamuhas become true, and
one has to adapt one’s information state to accommodaténfoisnation. In terms
of the logics presented in this paper such an update can bestrizeived of as an
announcement that some private substitution has occufretlioh thepostcondition
is . In dynamic epistemic logic, announced formulas are talsgpreconditionsof
the announcements.

If one were to generalise the notion of substitution to idelyrivate substitution
and further enrich the language, it seems that the statethent K x ¢ regarding
update$ in the belief revision literature would correspondlt¢{c | [c]¢}][a]?), i.e.
after you learn that the world has somehow changed suchbptisatow true, you know
thaty. When it is assumed that this change is minimal, the corrapgriormulation
would be[u{o | [o]¢}][al®), i.e. after you learn that the smallest change has occurred
such thatp has become true, you know that

This perspective shows that there are different questioasmay want to answer
when the world changes.

— Given some preconditions and an action, what are the puditamns?
— Given an action and some postconditions, what are the pd@@mns?
— Given some preconditions and some postconditions, wiianaaenable this?

Dynamic epistemic logic tries to answer the first questibae&éms that the approaches
to update in the belief revision literature try to answer &t question: a question
at the centre of computer science. Given an algorithmiclpropone knows what
desired output is given the input, but not which algorithnpliements the transition.
The second question seems interesting from the point ofnditees. It is known
which program is running and what the results are, and onéoHfagure out what the

6. The expression) € K x ¢ indicates that) is in the knowledge bas& after it has been
updated withp.
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initial conditions were. A systematic integrated accodralithree questions certainly
seems worthwhile.
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